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Cluster states are multi-particle entangled states with special entanglement properties particularly suitable for
quantum computation. It has been shown that cluster states can exhibit Greenberger-Horne-Zeilinger (GHZ)-
type non-locality even when some of their qubits have been lost. In the present work, we generated a four-
photon mixed state, which is equivalent to the partial, qubit-loss state of an N-qubit cluster state up to some
local transformations. By using this mixed state, we then realize a GHZ-type violation of local realism. Our
results not only demonstrate a mixed state’s GHZ-type non-locality but also exhibit the robustness of cluster
states under qubit-loss conditions.
PACS numbers: 03.65.Ud, 03.67.Mn, 42.50.Dv
Multi-particle entangled states play a fundamental role in
the field of quantum information and its applications. In re-
cent years, a class of multi-particle entangled states, cluster
states, have attracted considerable interest, mainly due to their
applications in the “one-way” model for universal quantum
computation [1]. In that model, one can perform quantum
computing simply by using single-qubit measurements and
feed-forward instead of unitary evolution.
Besides their fascinating use in quantum computation, clus-
ter states are a novel kind of multi-particle entangled states
with fundamentally new and different properties. When qubit
losses occur, unlike Greenberger-Horne-Zeilinger (GHZ)
states which would be totally disentangled, cluster states can
still maintain some entanglement [1]. A recent theoretical pa-
per [2] shows that cluster states can be used to construct a
GHZ-type argument to refute local realism (LR), as experi-
mentally tested by Walther et al. [3] and Kiesel et al. [4] us-
ing four-photon cluster states. Moreover, such a refutation is
applicable even under qubit-loss conditions, i.e., for any par-
tial, hence mixed, state of a small number of connected qubits
[a five-qubit partial state in the case of an N-qubit (N > 5) lin-
ear cluster]. This is very different from other GHZ-type non-
locality arguments [5–10] which are all based on pure states.
In the present paper, we generated a four-photon mixed state,
which in an ideal case is equivalent, up to some local transfor-
mations, to the qubit-loss state of an N-qubit cluster state. By
using this mixed state, we then realize a GHZ-type violation
of LR and thus exhibit the robustness of cluster states under
qubit-loss condition.
First, let us see how to use an N-qubit cluster state to con-
struct the GHZ-type argument. Instead of a linear cluster as
considered in Ref. [2], we consider a T-shaped N-qubit cluster
state |φN〉 shown in Fig. 1. Based on the definition of cluster
states, it can be characterized by a set of eigen-equations:
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where σ( j)i denote Pauli matrix σi on qubit j. By multipli-
cation using the algebra of Pauli matrices, we can derive the
following three equations:
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Now let us focus on equations E2, C1, C2, and C3. From
the point of view of LR, if the measurements correspond-
ing to the four operators are mutually spacelike performed
on the cluster state (σ(i)0 means do nothing on qubit i), four
equations Z1X2Z3Z4 = +1, Y1Y2Z3Z4 = +1, Z1Y2Y3Z4 =
+1, Y1X2Y3Z4 = −1, can be deduced from the fully-
correlated results, where Xj (Yj, Zj) represents element of
reality with value +1/ − 1 for D/A (R/L, H/V) polarizations
[i.e., corresponding to σ( j)X (σ
( j)
Y , σ
( j)
Z )]. By multiplying the
above four equations, one can then easily obtain the paradox
(Y1Z1X2Y2Y3Z3Z4Z4)2 = −1, which demonstrates that the the-
ory of LR is self-contradictory.
From the above GHZ-type argument, one can find that all
the measurements only involve qubits 1-4, which means that
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FIG. 1: A T-shaped N-qubit cluster state
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FIG. 2: Experimental setup for generating ρψ. Two pairs of entangled
photons are produced after an ultraviolet (UV) laser passing through
two BBO crystals. The UV laser has a central wavelength of 394 nm,
a pulse duration of 120 fs, a repetition rate of 76 MHz, and an aver-
age pump power of ∼900 mW. Without quartz crystals, coincidences
between detectors D1, D2, D3, and D4 would exhibit a four-photon
GHZ entanglement. Three pieces of quartz crystals (1cm width),
whose fast axis are all oriented at 45◦, convert the GHZ state into
our desired mixed state ρψ. Polarizers (POL) and quarter waveplates
(QWP) before the four detectors are used to perform the measure-
ments of H/V , D/A, or R/L polarization.
no matter what happens to the other N-4 qubits in the cluster,
even all of them have been lost, it will make no difference to
the GHZ-type argument. In other word, the partial state con-
taining only qubits 1-4 of the cluster, which is a mixed state, is
entangled enough to exhibit the GHZ-type non-locality. Note
that we need a five-qubit partial state in the case of a linear
cluster [2].
By easy calculation, one can deduce that this partial
state ρφ containing qubits 1-4 can be written in the form
ρφ =
1
2 (|φ1〉 〈φ1| + |φ2〉 〈φ2|), where |φ1〉 = 1√2 (|DHD〉123 +
|AVA〉123)⊗ |H〉4 and |φ2〉 = 1√2 (|DHD〉123 − |AVA〉123)⊗ |V〉4.
For experimental convenience, we will use a slightly differ-
ent four-qubit mixed state ρψ to do the non-locality test. It
is of the form ρψ = 12 (|ψ1〉 〈ψ1| + |ψ2〉 〈ψ2|), where |ψ1〉 =
1√
2
(|HHH〉123 + |VVV〉123) ⊗ |D〉4 and |ψ2〉 = 1√2 (|HHH〉123 −|VVV〉123) ⊗ |A〉4. Since ρφ and ρψ are equivalent only up
to some local transformations, following the same reason-
ing, one can easily obtain four equations, X1X2X3X4 = +1,
X1Y2Y3X4 = −1, Y1X2Y3X4 = −1 and Y1Y2X3X4 = −1, to
deduce GHZ-type violation of LR.
The experimental setup to generate the mixed state ρψ is
shown in Fig. 2. First, we create a four-photon GHZ state
using the standard method as in Refs. [11, 12]. UV laser
pulses from frequency-doubled Ti:Sapphire laser pass through
two β-barium borate (BBO) crystals [13], with walk-off com-
pensation to produce two photon pairs, each in the Bell state
|Φ+〉 = 1√
2
(|HH〉 + |VV〉). Then photons 2 and 3 are steered to
a polarizing beam splitter (PBS) where the path length of each
photon has been adjusted such that they arrive simultaneously.
Since the PBS transmits H and reflects V polarization, coinci-
dence detection between the two outputs of PBS implies that
FIG. 3: Density matrix of the four-photon mixed state in the H/V ba-
sis. Shown are the real (top) and imginary (bottom) parts of the den-
sity matrix for the ideal case (left) and the reconstruction from the
experimental four-photon tomography data (right). The real density
matrix was reconstructed by way of a maximum likelihood method
using four-photon coincidence rates obtained in 256 polarization pro-
jections.
both photons 2 and 3 are either H-polarized or V-polarized,
and thus projects the four-photon state onto a two-dimensional
subspace spanned by HHHH and VVVV .
After the PBS, the renormalized state corresponding to a
fourfold coincidence is thus
|ΨGHZ〉 = 1√
2
(|HHHH〉1234 + |VVVV〉1234) , (3)
which exhibits four-photon GHZ entanglement. The GHZ
state can be written in the form
|ΨGHZ〉 = 1√
2
(∣∣∣GHZ+〉123 ⊗ |D〉4 +
∣∣∣GHZ−〉123 ⊗ |A〉4
)
, (4)
where |GHZ±〉123 = 1√2 (|HHH〉123 ± |VVV〉123).
Then, three pieces of quartz crystals (1 cm width) with their
fast axes at 45◦ are placed into the path of photon 4 to deco-
here the state. Due to the birefringence of the quartz crystals,
the |D〉 component of photon 4 moves faster than the |A〉 com-
ponent. The optical path difference of these two components
is larger than the coherence length of photon 4, and as such
the two components |D〉 and |A〉 are no longer coherent. Thus,
the four-photon GHZ state has been converted into the desired
mixed state ρψ.
Then, we use the method of quantum state tomography
to fully characterize our state from a discrete set of mea-
surements. For a four-photon polarization state, like our
mixed state ρψ, the whole density matrix ρ is a 16 × 16-
dimensional object that can be reconstructed by linear com-
binations of 256 linearly independent four-photon polariza-
tion projections. We perform each of these 256 correlation
3measurements for 60 s using all combinations of {H,V,D,R}.
A maximum of 182 fourfold coincidence counts in 60 s are
measured in the case of the setting VVVD. Instead of a direct
linear combination of measurement results, which can lead
to unphysical density matrices owing to experimental noise,
we use a maximum-likelihood reconstruction technique [14–
16]. The measured density matrix ρmeas is shown in Fig. 2.
Our reconstructed state is in good agreement with the tar-
get mixed state. This can be quantified by the state fidelity
F = |Tr
(√√
ρψρmeas
√
ρψ
)
|2 = 0.68±0.02, which is the over-
lap between ρmeas and the ideal state ρψ. Note that any pure
state cannot have a fidelity greater than 0.5 with our target
mixed state.
To futher ensure that the generated state is a mixture of
two three-party GHZ-entangled states, we apply entanglement
witnesses for the two components of ρψ. We observe that,
when photon 4 is on the state |D〉 (|A〉), the fidelity of the other
three-photon state with respect to |GHZ+〉123 (|GHZ−〉123) is
0.74±0.01 (0.72±0.01), yielding expectation values of the en-
tanglement witness of 〈WGHZ+123〉 ≡ 〈 I2 − |GHZ+123〉〈GHZ+123|〉 =
−0.24±0.01 (〈WGHZ−123〉 ≡ 〈 I2 −|GHZ−123〉〈GHZ−123|〉 = −0.22±
0.01), clearly proving the genuine three-photon entanglement
[17] for both of the two components in ρψ.
There are three main reasons for the imperfection of our
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FIG. 4: All outcomes observed in the XYYX, YXYX, and YYXX
measurements. The experimental data show that we observe the
terms predicted by QM (tall bar) in a fraction of 0.822 ± 0.009,
0.798 ± 0.009, 0.812 ± 0.009 of each cases.
state. First, high-order emissions of entangled photons give
rise to the undesired components [18]. Second, the partial
distinguishability of independent photons results in the qual-
ity reduction of the initial GHZ state, which eventually reduce
the fidelity of our state. Third, the imperfection of the deco-
herence process further reduce the quality of the state. Before
decoherence was applied, the fidelity of the initial state with
four-qubit GHZ state is 0.78 ± 0.02.
Demonstration of the conflict between LR and QM in our
case consists of four measurements. First, we perform XYYX,
YXYX and YYXX measurements. If the results obtained are in
agreement with the predictions for the mixed state ρψ, then for
an XXXX measurement, our consequent expectations using
LR are exactly the opposite of our expectations using QM.
For each measurement, we have 16 possible outcomes, 8
of which should never occur in an ideal case. We will follow
two independent possible strategies to explain our experimen-
tal results. In the first strategy we simply assume that the spu-
rious events are attributable to experimental imperfection that
is not correlated to the elements of reality a photon carries.
A local realist might argue against that approach and suggest
that the non-perfect detection events indicate that the GHZ ar-
gument is inapplicable. In our second strategy we therefore
accommodate local-realist theories, by assuming that the non-
perfect events in the first three measurements indicate a set
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FIG. 5: Predictions of QM (a) and of LR (b), and observed results (c)
for the XXXX experiment. The experimental results clearly confirm
the quantum predictions within experimental error and are in conflict
with LR.
4of elements of reality which are in conflict with quantum me-
chanics. We then compare the local realisic prediction for the
XXXX experiment obtained under that assumption with the
experimental results.
For XYYX, YXYX and YYXX measurements, the actually
measured results have 48 possible outcomes whose individ-
ual fractions are shown in Fig. 4. Adopting our first strategy,
we assume that the spurious events are attributed to unavoid-
able experimental errors. Within the experimental accuracy,
we conclude that the desired correlations in these experiments
confirm the quantum predictions for ρψ. Then, we compare
the predictions of QM and LR with the results of an XXXX
measurement (Fig. 5). Again within experimental error, the
fourfold coincidences predicted by QM, but not by LR, occur.
In this sense, we believe that we have experimentally realized
a GHZ-type violation of LR using a mixed state.
We then investigate whether LR could reproduce the XXXX
experimental results shown in Fig. 5, if we assume that the
spurious non-GHZ events in the other three measurements
(Fig. 4) actually indicate a deviation from quantum physics.
To answer this we adopt our second strategy and consider the
best prediction a local realistic theory could obtain using these
spurious terms. How, for example, could a local realist ob-
tain the quantum prediction |DDDD〉1234. One possibility is
to assume that triple events producing |DDDD〉1234 would be
described by a specific set of local hidden variables such that
they would give events that are in agreement with quantum
theory in both an XYYX and a YXYX experiment (for exam-
ple, the results |DLRD〉1234 and |LDRD〉1234), but give a spuri-
ous event for a YYXX experiment (in this case, |LLDD〉1234).
In this way any local realistic prediction for an event pre-
dicted by quantum theory in our XXXX measurement will
use at least one spurious event in the earlier measurements
together with two correct ones. Therefore, the fraction of cor-
rect events in the XXXX measurement can at most be equal to
the sum of the fractions of all spurious events in the XYYX,
YXYX, and YYXX measurements, that is, 0.57± 0.016. How-
ever, we experimentally observed such terms with a fraction
of 0.81 ± 0.009 (Fig. 5), which violates the local realistic ex-
pectation by more than 12 standard deviations.
Our latter argument is equivalent to adopting a Mermin-
type inequality [19]. For any LR model one has 〈S 〉LRT ≤ 2,
where S = XXXX − XYYX − YXYX − YYXX. We obtained
positive expectation value of 0.626 ± 0.019 for XXXX mea-
surement and negative expectation values of −0.646 ± 0.018,
−0.595 ± 0.018, and −0.628 ± 0.019 for XYYX, YXYX, and
YYXX measurements, respectively. The observed value for S
is 2.50 ± 0.04, which is a violation by about 12σ.
Cluster states have special entanglement properties such as
strong entanglement persistency which GHZ-type entangled
states do not have. Such features lead to the surprising non-
locality properties shown here and may relate to some inter-
esting implications in loss-tolerant one-way quantum comput-
ing etc. [20]. Former experiments[3, 4, 21] have shown that
cluster states can still exhibit some entanglement after qubit
loss occurs. In this work, we further demonstrated the strong
entanglement persistency of cluster states by GHZ-type vio-
lation of LR with qubit-loss cluster states. It is also, to our
knowledge, the first realization of GHZ-type violation of LR
by a mixed state. Of course, as in almost all of the existing
experiments testing LR, our experiment also has certain well-
known loopholes, such as the locality and efficiency loop-
holes. We hope these loopholes can be closed in future ex-
periments.
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